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ABSTRACT

ks Front suspension stiffness

This paper investigates the difference in response of an ac- ksy Rear suspension stiffness
tive suspension half car model using optimal quarter canggai ks Front tire stiffness
and optimal half car gains, to gain insight into the required k, Rear tire stiffness
level of model complexity when designing active suspension Mg  Sprung mass
controllers. Both quarter and half car models and theireesp 1, Unsprung mass
tive performance indices are developed for use with thediine |~ \weighting term

Quadratic Regulator technique. Quarter car optimal gaias a
calculated for each of the front and rear actuators usinig sta
feedback for each corner. This is compared to half car optima
gains with full state feedback incorporating both actussimul-
taneously. Using quarter car based controllers at the frodt
rear of a half car gives superior performance in reducingrsgpr
mass inertial acceleration. The additional complexityhef half

car based control design is only warranted if pitch accétara

suppression is a priority.

NOMENCLATURE

al Distance from C.G. to front axle
bl Distance from C.G. to rear axle
Bs Quarter car suspension damping
B: Quarter car tire damping

Bs¢ Front suspension damping

Bsr Rear suspension damping

Bis Fronttire damping

By Rear tire damping

Ixx Pitch inertia

J Performance index

ks Quarter car suspension stiffness
ki Quarter car tire stiffness

Oksf Front suspension de ection

Oksr Rear suspension de ection

Ok Fronttire de ection

Okr Rear tire de ection

Vs Sprung mass car suspension velocity
Wixx Sprung mass pitch angular velocity
vsi  Front corner velocity

Vsr Rear corner velocity

vyt Front unsprung mass velocity

Vvyr Rear unsprung mass velocity

g Sprung mass pitch angle

Zs Sprung mass height

Z, Unsprung mass height

Z  Road height

INTRODUCTION

While various quarter car, half car, and full car models with
optimally controlled suspensions have been developeé thes
been little discussion [1-3] on which level of model comjitiex
to implement in a given application.

The vehicle suspension provides a means of isolating the
vehicle's body from the road inputs. Several aspects ofalehi
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with an optimal half car controller also shown in gure 1b.i$h
model has the front and rear actuators output based on all the
I vehicle states.

__\/ The two quarter car controllers have to be calculated as a
result with a different performance index from that of thdf ha
b) Half Car with one half car controller car controller. However both models can be tested on the same
virtual roadway and the half car performance index can bd use
to evaluate both models.

The two models are tested with a variety of weights and on
a combination of road surfaces for each weighting. Repeated

dynamics put different demands on the various suspensior co  discrete bumps form one surface, while the second surfaz® us
ponents. Occupant comfort requires the minimization ofisgr a rough random road model.

Figure 1. QUARTER CAR AND HALF CAR CONTROLLERS ON HALF
CAR MODEL

mass accelerations, while lateral dynamic performanceires) The results indicate that when weighting for driver comfort
good road holding giving rise to a need for consistent normal with emphasis on vertical heave but an equivalent or lesshamp
forces at the tire interface. This all has to work within sersgion sis on pitching, the two quarter car controllers result ioadr
rattle space and tire de ection limitations. In a passivepsn- performance index on both repeated bumps and random road-
sion each improvement comes at the expense of performance inways. Once the pitch weighting is increased, the half car con
another area [1]. troller becomes superior. When road holding is to be opteahiz

Active suspensions are any combination of spring, damper, at the sacri ce of driver comfort, the two quarter car cotlers
and a force actuator where part or all of the force between the proved to be superior to the half car controller. With theegxc
sprung mass and unsprung mass is based directly on a controlion of pitch control most scenarios show that the lower clexp
signal. While adding complexity, active suspensions hagsvs ity of individual controllers on each corner prove to be gsigre
an ability to minimize vehicle accelerations, rattle spatikza- and would result in half the computational effort for come-
tion, or improve road holding [1, 4, 5] to various degreesrove sign.
certain frequency ranges.

One common control technique that is based on full state
feedback is the optimal Linear Quadratic Regulator (LQRhte VEHICLE MODELS
nique. There have been various optimal LQR controls saistio  Quarter Car

developed for quarter, half, and full car models. Typicgiera A quarter car model represents a corner of a vehicle as
on active suspension use a seemingly arbitrary level ofclehi  shown in gure 2. The sprung mass of the car bady, is con-
model complexity, with no justi cation for the choice of quer, nected by a spring and damper to the unsprung mass of the sus-
half, or full car models. pension components),, by the suspension sprinks, and the

A half car pitch model is used with two quarter car con- damperBs. The tire interfaces with the road via the tire which
trollers as shown in gure 1a, one for the front suspensiod an is modeled as a sprindf;. It is generally assumed that the tire
one for the rear suspension. These both act independently ondamping is negligible, however it is included in the modeive
the pitch model and neither has state feedback for the otrer ¢ tion.
trollers. These are essentially two individual contraldevel- The general linear system is described by
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When gravitational and road inputs are separated out of
the equation becomes

X = Ax+ BFa+ Cg+ Lz )

. Wherg the vehicle states, spring de ection, sprung vejpcit Figure 3. HALF CAR MODEL
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The work by Darus et all [6] studied a full car optimal con-
A non-linear tire is added such that the tire only generates troller for an average vehicle. Those parameters are ustin
force in compression (negative displacement). If the timeng development of the quarter and half car optimal contrall&éhe
de ection is positive, then the tire will produce no restegi ~ Weighting factors are based on those of Rajamani [1] andexppl

force. Gravity then becomes the only restorative force. to the half car perforamance index in the following sectigi.
the vehicle parameters are presented in table 1.

Half Car

In many situations the pitching motion of the vehicle be-
comes important and as a result requires a model with additio LINEAR QUADRATIC REGULATOR
degrees of freedom shown in gure 3. The main body consists In order to determine optimal gains using the LQR method,
of a mass that is free to rotate and heave vertically. Theesngl a performance index is required. A performance index is the
of rotation are assumed to be small so that the end points will integral over time of several factors which are to intendetde
be considered to move vertically and the model will be linear minimized. The Ricaati equation is solved to calculateropti
With two suspensions there are now additional state vaasdior linear gains [7]. In the case of active suspension it is theybo
the second wheel and the sprung mass now includes the angula@cceleration and road holding that are competing objextivée
pitch momentum from which angular pitch velocity is eas#y-c weight the importance of these factors for a desired resuwlt a

culated. The vehicle states, sprung mass velocity, pittdcitg, various gains can be calculated and used in a controllehfor t
front and rear suspension de ection, unsprung velocity tre force actuator. These can then be used in further simukation
de ections, are: to test the gains. The quarter car and the half car perforenanc

indices are different but component and acceleration wigigh
are identical. A quarter car based performance index witl no
have a pitch acceleration form. Quarter car based contsadle
T ) i R
X=" Vmg Wixx Okss Okes Vimey Vi Gkep Ok 5) the front and rear of a vehicle will control pitch indirecthy
minimizing vertical acceleration at each end. This willypiato
the response shown later.



Table 1. Vehicle Parameters

Item value | unit
Sprung Mass 1500 | kg
Front Unsprung Mass 59 kg
Rear Unsprung Mass 59 kg
Pitch Inertia 2160 | kgn?
Front Suspension Stiffnegs35 kN/m
Rear Suspension Stiffness 38 kN/n
Front Damping 1000 | N s/m
Rear Damping 1100 | N s/m
Dist Front axle to CG 1.4 m

Dist Rear axle to CG 1.7 m
Front Tire Stiffness 190 | kKN/m
Rear Tire Stiffness 190 | kKN/m

Quarter Car

Butsuen [8] originally developed the performance index in
equation 7 which has been used extensively to optimize guart
car controllers [1,9, 10]. The performance index has weaight
throughr 4 which are relative to the body acceleratipn As
a result, heavily weighted body acceleration requires tifiat
terms are below unity, while penalizing for other factorguiees
weightings above unity.

Zy |
. Z+r1(zs z)?+r22+r3(z z)2+ra2dt (7)

In order to solve the Riccati equation for optimal gains the
performance index is needed in the form:

Zy

J=  x'Qx+ 2x"Nu+ u'Rudt
0

(8)

The rst step to developing the weighting matrix, Q, is to
setup the performance index. For the quarter car, the aligin
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Writing J in the form of equation 8 requires matching co-
ef cient terms. It should be noted that many of the terms are
multiplied by two. This becomes bene cial as the matrix issy
metric. Consider the equation:

o Vi Bs?Vim,
mZ

This equation is made up of state variablgs andvy,. The
coef cients in the weighting matrix are:

3
djj aiz A1z aig

X7 dpl dgzz azz aza
az1 dzz a3z azs
A4l A42 43 A44

(10)

When multiplied through the matri® Qx becomes:

6111QES a120ksVms 130ksOkt @ 140ksVmu
a210ksVims  @22Vis  @23VimgTkt @24VimsVmu
a310ksOkt a32VmsJkt 63301% a340ktVmu
a410keVimu 842VmeVmu A430kVimu 844V

(11)

From this it can be seen that there existsavmmy and a
a42VmVmu, but there only exists one term in the performance in-

equation by Butsuen will be used. In terms of the performance dex equation. Since the weighting matrix is symmetric weédgiv

index equatiorzs  z, is the suspension de ectiags, andz, z

is the tire de ectiongy;. The sprung mass velocitg, is vs and
the unsprung mass velocitg,, is vy. Substituting the sprung
mass acceleration from the state equation 2 into equatitme?,
performance index becomes equation 9.

the term equally over both weighting terms in @ematrix. This
develops the Q, N, and R matrices shown in equations 12, 13,
and 14. Matching coef cents is suitable for simple matrécieit

for more complicated control systems a more ef cient mettwd
match the coef cients is proposed in the next section.
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Two optimal quarter car controllers will be used on a half
car model, one on the front and one on the rear. The control

gains are based on the four quarter car states at each end with

sprung mass pitch acceleration being resolved to vertmadla
erations of the front and rear ends of the vehicle. Both ctlietis
act independently and are solved separately based on thatwei
distribution.

Half Car

The half car performance index is developed in an identical
manner to that of the quarter car model. First a performance
index is de ned shown in equation 15 . The vertical accelerat
is still left as the reference of all other weighting termsraf
throughr 9. Both the sprung mass heave acceleratigrand the
sprung mass rotational acceleratiog, can be written in terms
of the state variables and substituted into the performenttex.
This causes the performance index to become cumbersome.

Zy

I= 2+ 1102+ (25t Zur)?+ a2 (15)

+ra(Zur Zg)?+ TV + To(Zor  Zur)?+ 1 V2
+ 1 8(Zyr er)z"'rgvﬁrdt

The equation can again be expanded and put in the form of
equation 8. Due to the size the individual terms are listetthén
Appendix. Partial derivatives can be used to match coefitse
more quickly. If the performance index has its derivativieeta
with respect to any two variables the remainder should be the

Table 2. HALF CAR WEIGHTS

Parameter| 1/2 Car| 1/4Car| Casel| Case2 | Case3
Coeff- | Coeff- Ride Ride Road
icient icient | Quality | Quality | Holding

Pitch
Weighted

Zs unity 1 1 1

Qlixx r 1 20 1

Vimg ry ro 0.16 0.16 1

Qixx rs 0.16 0.16 1

Okts ) rp 0.4 0.4 4.0E5

Ok g 0.4 0.4 4.0E5

Vime, s ra 0.16 0.16 100

Vim, ro 0.16 0.16 100

Okt g rs 0.4 0.4 1.0E6

Qe rs 0.4 0.4 1.0E6

term left in the corrosponding matrix position. The matrx i
symmetric along the diagonal and as a result the derivatieed

o be divided by two. The terms in the diagonal are halved as
well as there is a squared term in the intial equation. As altres
all matricies can be developed in a similar fashion to thatsh

in equation 16. This operation was automated using the Maple
software package.
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Parameter Weightings

The performance indices are set such that they relate te thre
cases. A ride quality weighted case has all weights less than
one relative to vertical acceleration. There is a modi ettipi
case such that the pitch acceleration is weighted highaeallki
a road holding case has all relative weights greater thamithe
pitch acceleration left as one. The weights used for sinanat
are presented in table 2.

SIMULATION RESULTS AND ANALYSIS

The half car performance index described earlier is used to
calculate a live performance index for the simulations @time
domain.



Table 3. SUPERIOR CONTROLLER FOR SCENARIOS

Case Ride Ride Quality| Road
Case Quality w/Pitch Holding
Random | Two 1/4 1/2 Car 1/4 or1/2
Road Car Cont.| Controller | Car Cont.
Repeated Two 1/4 1/2 Car 1/4 or 1/2
Bump Car Cont.| Controller | Car Cont.
0.045 Road Profile
o004l
0.035F
0.0l
g 0.025)
% 0.02
0.015
0.01
0,005
01 1.005 1.61 1.615 1.62 1.025

Time (s)

Figure 4. ROAD BUMP PROFILE

The states are input into the performance index and inte-
grated during two different scenarios; repeated discratagds
and a random road pro le. When the two quarter car contrsller
are used on the half car car model, all the states are input int
the half car performance index with the half car weighting.
the acceleration and component weightings are identicahfo
development of each LQR optimal controller.

The results show an interesting nding that the half car con-
troller is not superior in all cases. A summary of the resigts
shown in table 3. The two individual quarter car controllgrs
superior when the pitch acceleration weighting is left as.drhe
half car controller becomes superior when pitch accelenatare
required to be reduced. In the repeated bumps case, it isnshow
that the half car controller is minorly superior.

Repeated Discrete Bumps

The discrete bumps are modeled with a continuous motion
pro le shown in gure 4. When the simulation was ran for 15
seconds with zero intitial conditions the three models poedl
the performance index values shown in table 4. The samegro |
was sent to the front and rear wheels with a delay corrospondi
to a forward velocity of 72 km/hr (20 m/s).

From table 4, the results show large discrepencies between

the performance of the passive, half car controller, andtgua

Table 4. PERFORMANCE INDEX RESULTS FOR REPEATED BUMPS

Case Passive| Half Car | Quarter Car
Acceleration 3.61E6| 6.32E5 1.27E4
Acceleration w/Pitch| 5.75E7| 8.29E5 2.13E6
Road Holding 6.80E6| 3.03ES8 7.51E7

Table 5. MODIFIED PERFORMANCE INDEX RESULTS FOR
PEATED BUMPS

Case

Road Holding

RE-

Half Car
937.9

Passive
1354.1

Quarter Car
956.1

car controllers. For the ride quality case the quarter car co
trollers are two orders of magnitude lower, while the half ca
controller is only one order of magnitude lower than thathef t
passive suspension. When the pitch accelertation wemlidin
increased the quarter car responses remains the same dok to |
of direct pitch input, leading to the half car controller igig su-
perior performance with a lower index.

The road holding case presents a dif cult situation in order
to determine the superior controller using the performanee
dex. In order to increase the road holding ability, vertiaat
pitch accelerations performance is sacri ced. This is@ftely
stating that accelerations are not as important as the ungpr
velocities and suspension and tire de ection. The absohag-
nitude of the acceleration terms are much higher than ther oth
states such as tire de ection, and the terms are squareckin th
traditional performance index. The acceleration termsidate
unless other weighting factors are made extremely higtsiplys
causing controller instability. A simple alternative isewamine
the results on the important parameters. Thus the perfarenan
index has been modi ed by separating out the velocities aed t
de ections from that of the accelerations.

The new performance index results for the same 15 second
run are shown in table 5. Both the half and quarter car cdetsol
reduce the performance index with the half car controlléndpe
only slightly better. The response for hitting a single buis\p
shown in gure 5. The responses of the quarter and half car
controllers are very similar but it can be seen that as the rea
wheel hits the bump that there is a ripple in the responsehfor t
half car controller, while the two quarter car controllegsnain
more level. The quarter car controller response is prefeffab
roadholding as this leads to more consistent tire forces.

If the original performance index results are referred t@min
ble 4 this improvement in performance for the half car cdtero
is at a cost of vertical and pitch accelerations. As a resat t
quarter car controller may be the preferable option.

Random Road Pro le
According to Tyan et al [11], a random road can be gener-
ated using a rst order Iter model in conjunction with a raomh
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Table 6. RANDOM ROAD PERFORMANCE INDEX RESULTS

Case Passive | Half Car | Quarter Car
Acceleration 2.20E9 | 2.16E8 6.86E7
Acceleration w/Pitch| 2.75E10| 3.95E8 9.44ES8
Road Holding 2.20E9 | 6.64E9 4.62E9
o Road Profle

0.08] ]

0.061 ]
£ oos ]

of ]
o0 |
0%g o1 % % % %
Time (s)

Figure 6. SAMPLE OF RANDOM ROAD PROFILE

number generator. This allowed a random road of a pre-de ned
roughness, based on the ISO 8606 classi cation, to be gatera
and stored. A rough road with a rating of “poor” to “very poor”
was created for testing. As with the repeated bumps a vglocit
of 72 km/hr (20 m/s) is used - a high velocity on a dif cult road
which should make apparent the differences in the contnodie
formance. A sample of the road pro le is shown in gure 6.
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Figure 8. SPRUNG MASS PITCH ACCELERATION (RIDE QUALITY)

Ride Quality The performance index results show the
two quarter car controllers are superior to that of the heafoon-
troller for controlling vertical sprung mass acceleratibigure 7
shows a sample from the simulation that indicates that both ¢
trollers are signi cantly superior to the passive, but ori@age
the quarter car response is of lower magnitude. The two guart
car controllers actually control pitch better than the lealf con-
troller as shown in gure 8. The normal tradeoff for reductio
sprung mass acceleration (increased de ections and Visyis
observed to be conserved in gure 9.

Ride Quality With Increased Pitch Weighting
When the weight for sprung mass pitch acceleration is irsereéa
the two quarter car controllers are inferior to that of thé bar
controller. While the vertical acceleration magnitudeshboth
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controllers are similar seen in gure 10, the half car colérmo 008
appears to have reduced magnitudes for pitch accelerafibis 1145
is can be seenin gure 11.

.
115 115.5
Time (s)

Figure 12. TIRE DEFLECTION (ROAD HOLDING)

Road Holding Again it is encountered that the perfor-
mance index terms were unbalanced due to the magnitude of shows similar performance to that of the half car controllar
heave and pitch accelerations. The responses of both lerdro  order to do this it required making the ride quality more seve
did show improvements for road holding through minimiziing t The choice of depends on if a further increase in acceleratio
de ections and unsprung velocities as seen in gures 12 &hd 1 are acceptable to gain better performance for the same tgeigh
However it is again noted that the performance index had bias
due to the magnitudes of the large accelerations. Againrsepe
ation of the important parameters provides a better vievheft CONCLUSIONS
results. Table 7 shows the performance indices without éne v This paper showed the development of quarter car and half
tical or pitch acceleration terms. car models and controllers and presented scenarios where th
Like the repeated bumps scenario, the quarter car consolle model complexity required was not easy to predict intulfive
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The road holding case presented a challenge that required a
modi cation of the performance index. The magnitudes of the W21 W2 W23 W24 W25 Wiz W27 Wi2g
accelerations dominated, thus the terms of the performiamace WP31 WP3p WPsz WP34 WPss WpPsg WP37 Wpsg
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and quarter car controllers were nearly identical but thathtalf WpPs51 WPs2 WPs3 WPs4 WPs5 WPse WPs7 WPsg

car controller was marginally superior.
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Generally speaking the individual quarter car controllers

provided similar response at a reduced complexity levebéih WPr1 WPr2 Wz Wiz Wirs WPre W77 Wirg
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